SCALAR FIELDS COUPLED TO FOUR-DIMENSIONAL LATTICE 
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ABSTRACT 

I discuss some results we have obtained recently in a lattice model for quantized 
gravity coupled to scalar matter in four dimensions. We have looked at how the 
continuous phase transition separating the smooth from the rough phase of gravity 
is influenced by the presence of the scalar field. We find that close to the critical 
point, where the average curvature approaches zero, the effects of the scalar field 
are small and the coupling of matter to gravity seems to be weak. The nature 
of the phase diagram and the values for the critical exponents would suggest that 
gravitational interactions increase with distance. 



Introduction 

I Of course any serious attempt at understanding the ground state properties of quantized gravity has to include 
,at some stage the consideration of the effects of matter fields. While there are many choices for the matter fields and 
I for their interactions, the simplest actions to deal with in the framework of a lattice model for gravity are the ones 
that represent one (or more) scalar fields [1]. In this talk I will briefly review these results. Rcgge's lattice model for 
gravity is the natural discretization for quantized gravity in four dimensions. At the classical level, it is completely 
equivalent to general relativity, and the correspondence is particularly transparent in the lattice weak field expansion, 
with the invariant edge lengths playing the role of infinitesimal geodesies in the continuum. Recent work based on 
.Regge's simplicial formulation of gravity has shown, in pure gravity without matter, the appearance in four dimensions 
?H 'of a phase transition in the bare Newton's constant, separating a smooth phase with small negative average curvature 
.from a rough phase with large positive curvature [2]. Here I will discuss a study we have performed to determine the 
nature and size of the effects that appear when a scalar field is coupled to gravity. As will be discussed below, our 
results seem to indicate that the 'vacuum polarization' effects due to one single scalar field of small mass are rather 
small for the observables we have investigated, when compared to the dominant pure gravitational contribution. 

Action and Measure 

For the gravitational field the following lattice action is used [3] 

Igil]^ E [>^Vh-kAhSh + a^], (1) 

hinges h 

where Vh is the volume per hinge (which is represented by a triangle in four dimensions). Ah is the area of the hinge 
and Sh the corresponding deficit angle, proportional to the curvature at h. All these quantities can be evaluated in 
terms of the lattice edge lengths lij , which define the lattice geometry for a fixed incidence matrix. The underlying 
lattice is chosen to be hypercubic, with a natural simplicial subdivision to make it rigid. In the classical continuum 
limit the above action is then equivalent to 



[g] - j d^x^[\-lkR + \a R^.p^R'^'f"' + •••], (2) 



with a cosmological constant term (proportional to A), the Einstcin-Hilbert term (fc — I/SttG), and a higher derivative 
term proportional to a. For an appropriate choice of bare couplings, the above lattice action is bounded below for a 
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regular lattice, oven for a = 0, due to the presence of a lattice momentum cutoff, which cuts off the conformal mode 
fluctuations at high momenta. For non-singular measures and in the presence of the A-term such a regular lattice can 
be shown to arise naturally. The higher derivative terms can be set to zero (a = 0), but they nevertheless seem to be 
necessary for reaching the lattice continuum limit, and are in any case generated by radiative corrections already in 
weak coupling perturbation theory. 

The scalar field ^, is then defined at the vertices of the simplices. One adds to the pure gravitational action the 
contribution 

= i 5] v., (^i^) ' +lY.Vi{m'+ (3) 

< ij > i 

The term containing the discrete analog of the scalar curvature involves 

ViRi = J2^hAh^y/gR, (4) 

hDi 

and in the expression for the scalar action, Vij is the volume associated with the edge kj, while Vi is associated with 
the site i. Then the above scalar lattice action then corresponds to the continuum expression 

1^9, ^] = \j Vaig^" d^.4>d.<t> + (m^ + m''] +■■■■ (5) 

The dimensionless coupling ^ is arbitrary; in our work we have only considered the case = 0) (minimal coupling). 

The measure contains an integration over the scalar fields, and an integration over the edge lengths. For the 
edge lengths we write the lattice measure as [3] 

jdnS]= n fv^^dllF[l], (6) 

edges ij 

where Vij is the 'volume per edge', F\l\ is a function of the edge lengths which enforces the higher- dimensional analogs 
of the triangle inequalities, and ct = for the lattice analog of the DeWitt measure for pure gravity. In the presence of 
an nj-component scalar field, the power a needs to be changed, and on the lattice one has a = n//30, since with our 
discretization of spacetime based on the simplicial subdivision of hypercubes there are a total of 2(2'' — 1) = 30 edges 
emanating from each lattice vertex. Note that no cutoff is imposed on small or large edge lengths, if a non-singular 
measure such as dP is used. This fact is essential for the recovery of diffcomorphism invariancc close to the critical 
point, where on large lattices a few rather long edges, as well as some rather short ones, start to appear. 

Observables 

When we consider gravity coupled to a scalar field, we can distinguish two types of observables, those involving 
the metric field (the edge lengths) only, and those involving also the scalar field. The average curvature 

n{\k,a) <J^> ' ^' 

belongs to the first class, and its lattice analog is defined as 

n{X,k,a) =^i^> <l^n5nAu> _ 

In a similar way one can define the curvature fluctuation. It is related to the (connected) scalar curvature correlator 
at zero momentum 

jd^x!d^y<^R{x)^R{y) >e 
<Jd^x^> ■ 

A divergence in the curvature fluctuation is then indicative of long range correlations (a massless graviton here). Close 
to the critical point one expects for large separations a power law decay in the geodesic distance, 

< V-9Ri^)V9R{y) >,^_-_ (10) 



In quantum gravity it is of interest to determine the value of the low energy, renormalized coupling constants, 
and in particular the effective cosmological constant Ae/ / and the effective Newton's constant Gg/ / . Equivalently, one 



would like to be able to determine the long distance limiting value of a dimensionless ratio such as Ae//Ggjj, and its 
dependence on the linear size of the system L = y^/*. We have argued that the vacuum expectation value of the 
scalar curvature can be used as a definition of the effective, long distance cosmological constant 

n ~ {XGi^f . (11) 

Indeed in the pure gravity case there is evidence that the curvature vanishes at a critical point in G, and for G > Gc 
one finds results which are consistent with a singularity of the type 

where 5 is a universal critical exponent [2]. If this is true, then (AG)e// ^ in lattice units at the critical point. 
While the location of the critical point Gc and the amplitude in general depend on the higher derivative coupling a 
and other non-universal parameters, the exponent is expected to be universal. We have estimated its value at about 
0.6. 

One immediate consequence of this result is that in the smooth phase with G > Gc the gravitational coupling 
constant G must increase with distance (anti-screening), at least for rather short distances. Introducing an arbitrary 
momentum scale fj,, one has close to the ultraviolet fixed point the following short-distance behavior for Newton's 
constant 

G(/x) - Ge = [G(A) - Ge] , (13) 

with A the ultraviolet cutoff; the exponents 6 and v are calculable and are related to each other via the scaling relation 

I' = (1 + (5)/4 ss 0.4. Note that the opposite behavior (screening) would be true in the phase with G < Gc, but such a 
phase is known not to be stable and leads to no lattice continuum limit. 



Switching on the Scalar Field 

In order to explore the ground state of four-dimensional simplicial gravity coupled to matter beyond perturbation 
theory one has to resort to numerical methods, where the edge lengths and scalars are updated by a Monte Carlo 
method. In our work we considered lattices with 4* to 16^ sites. As far as the properties of the critical point are 
concerned, one still finds an apparently continuous phase transition between the smooth and the rough phase, but 
with A-jz, Gc, S that will now depend on n/. If one adopts the same procedure as for pure gravity, and fits the average 
curvature for small scalar mass to an algebraic singularity, one finds (for a = 0.005 and m = 0.5) S = 0.61(6), to be 
compared with the pure gravity estimate S = 0.63(3) [2]. It appears therefore that, within errors, switching on the 
scalar fields leaves the exponents almost unchanged. For small non-integer n/ we can write for the amplitude, critical 
value of k and the exponent in powers of the number of flavors n/, 

Atz = Ao + nfAi + Oinj) 
Gc = Go + UfGi + 0{n}) 

S =6o + nf6i+0{n}). (14) 

Our results seem to imply that the corrections due to the scalar field are quite small, and that the coefficients of the 

n/ terms must be rather small. Since Gc and S arc almost unchanged, one can estimate Ai in the following way. One 
notes that for small n/ the difference between the average curvature in the presence of the scalar field and in pure 
gravity determines the ratio of curvature amplitudes Ai/Aq 

"^matter TZgravity-\-matter '^gravity ^ A\ 

'^gravity '^gravity ^ Aq 

Since the difference in the numerator is quite small, a very accurate measurement of the average curvature in both 
cases is required. One finds Ai/Aq w 0.053/3.79 = 0.014 for a = 0.005. A possible explanation for the smallness of 
this ratio can be found in the Nielsen-Hughes formula, where the strength of the relative contributions (here gravity 
versus a scalar) is determined by the particle's relative spin. 

Since the effects of the scalar fields arc quite small, one can discuss the renormalization properties of the grav- 
itational coupling constants without distinguishing the two cases explicitly. Let us address here briefly the renor- 
malization properties of the couplings G and A. Consider a universe of flnite linear extent L, and set the graviton 
mass equal to the inverse of this size (since essentially the associated correlation length ^ saturates at the system size, 
^~(G-Ge)-^~L). 



(15) 



From Eq. ( [l3| ) one has then the following size dependence for the dimensionful Newton's constant, valid for 
'short' distances 1//^ <C i, 



l^Gc + f — T 



1/u 



(16) 



(with l/vK 2.46), while from Eqs. (0) and (|l|) one obtains 



4-1/1/ 



i/i/- 



(17) 



Here again Iq is of the order of the average lattice spacing, and we have restored the correct dimensions for Ge/ / and 
Ae//. For the dimcnsionlcss ratio (G^A)e// one then finds that it can be made very small, provided the linear size L 
is large enough. 



Conclusions 

Our work up to now suggests that the feedback of the scalar fields on the geometry is quite small on purely 
gravitational quantities, such as the average curvature. It appears therefore that the approximation in which matter 
internal loops are neglected (quenched approximation) could be considered a reasonable starting point, and that 
quantities such as the critical exponents should not be too far off in this case. To the extent that the coupling between 
the scalar and metric degrees of freedom is weak close to the critical point, we have argued that gravity is indeed weak. 
Our results for the exponents and the overall phase diagram seem to suggest that the gravitational coupling exhibits 
an infrared growth away from the fixed point, of the type G(/i) ^ fi~^^'^ , while for the cosmological constant we have 
found a decrease in the infrared, A(/i) ^ /x*"^/"^, with an exponent v given approximately by ~ 0.4, and only weakly 
dependent on the matter content. 
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